Abstract: In this paper, we consider the Cauchy problem of 2D tropical climate model without thermal diffusion and construct global smooth solutions by choosing a class of special initial data whose L ∞ norm can be arbitrarily large.
Introduction
This paper focuses on the following 2D tropical climate model (TCM) given by              ∂ t u + u · ∇u + µu + ∇p + div (v ⊗ v) = 0, x ∈ R 2 , t > 0, ∂ t v + u · ∇v + v · ∇u + ∇θ − ν∆v = 0, x ∈ R 2 , t > 0, ∂ t θ + u · ∇θ + div v = 0, x ∈ R 2 , t ≥ 0, div u = 0, x ∈ R 2 , t ≥ 0, (u, v, θ)| t=0 = (u 0 , v 0 , θ 0 ), x ∈ R 2 .
(1.1)
here µ, ν are non-negative parameters, u = u(t, x) and v = v(t, x) stand for the barotropic mode and the first baroclinic mode of the vector velocity, respectively. p = p(t, x) and θ = θ(t, x) denote the scalar pressure and scalar temperature, respectively. In the completely inviscid case, namely, µ = ν = 0, (1.1) was first derived by Frierson-MajdaPauluis [4] by performing a Galerkin truncation to the hydrostatic Boussinesq equations, of which the first baroclinic mode had been originally used in some studies of tropical atmosphere. More relevant background on the tropical climate model can be found in [5, 11, 12] and the references therein. The mathematical studies on (1.1) have attracted considerable attention recently from various authors and have motivated a large number of research papers concerning the local wellposedness [13] , global small solutions, global regularity and so on. Li-Titi [6] introduced a new quantity to bypass the obstacle caused by the absence of thermal diffusion and proved the global well-posedness of the 2D TCM (1.1) with two Laplacian terms ∆u and ∆v. From the mathematical point of view, adding some fractional dissipation terms does bring the regularity for the system (1.1) and also significantly change the model properties and physics. Concerning the global regularity of TCM with fractional dissipation terms, we refer to [1, 2, 3, 16, 17] and the references therein. However, adding only the damping term u does not appear to be enough to establish the global well-posedness of TCM (1.1). Wan [15] proved the global strong solution to TCM (1.1) with additional damping term v under suitable smallness assumptions on the initial data. Later, MaWan [14] removed the damping term v and obtained the global strong solution to TCM (1.1) with different smallness assumptions on the initial data. Naturally, we ask that whether or not there exists a global solution to TCM (1.1) with some classes of large initial value. Motivated by the ideas that used in [7, 8, 9] , we give a positive answer in this paper.
For the sake of implicity, we will limit ourselves to µ = ν = 1 since their values do not play any role in our analysis and introduce the following notations
Our main result is stated as follows. 
There exists a sufficiently small positive constant ε 0 , and a universal constant C such that if
then the system (1.1) has a unique global solution.
Remark 1.1 By choosing a class of special initial data, we can show that general initial value whose L ∞ norms can be arbitrarily large generates a global unique solution to the system (1.1). Here, we construct an example to verify this.
Let χ, where the smooth function χ satisfying
Then, direct calculations show that the left side of (1.3) becomes log log 1 ε exp C log log 1 ε .
In fact, one has
Therefore, choosing ε small enough, we deduce that the system (1.1) has a global solution. Moreover, we also have
Renormalized System
Let (a, m) = (e −t a 0 , e t∆ m 0 ) be the solutions of the following system
Denoting w = u − U and c = v − V , the system (1.1) can be written as follows
Useful Tools
Firstly, we introduce some notations and conventions which will be used throughout this paper.
• We will use the notation ||f 1 , · · · , f n || X ||f 1 || X + · · · + ||f n || X for some Banach space X.
• Let α = (α 1 , α 2 ) ∈ N 2 be a multi-index and
with |α| = α 1 + α 2 .
• f, g denotes the inner product in L 2 (R 2 ), namely, f, g R 2 f g dx.
• The Fourier transform of f with respect to the space variable is given bŷ
• For s ∈ N, the norm of the integer order Sobolev space H s (R 2 ) and W s,∞ (R 2 ) are defined by
Next, we present some estimates which will be used in the proof of Theorem 1.1.
Lemma 3.2 [10] (Product estimates) For m ∈ Z + and m ≥ 2, we have
Lemma 3.3 Under the assumptions of Theorem 1.1, for all M ∈ Z + ∪{0}, the following estimates hold
and
Proof
Direct calculations show that
where we have used the conditions suppâ 0 (ξ) ⊂ C and suppm 0 (ξ) ⊂ C. By the product estimate (3.4), then we have
An argument similar to that used above, we also have
Combining (3.7), (3.10) and (3.11) yields the desired result (3.5). (3.6) is just a direct consequence of (3.8) and (3.9). Thus, we end the proof of Lemma 3.3. 
where
Next, we need to estimate the above terms one by one. For the terms I 1 and I 2 , notice that the embedding
, using the commutate estimate (3.1) and (3.2), respectively, one has
By the product estimate (3.3), one has
(t)B(t). (4.15)
Using Hölder's inequality gives
For the last term I 5 , by product estimate (3.4), one has
Gathering the above estimates I 1 − I 5 to (4.12) together yields
Step 2: The Estimates of c and θ. Applying D ℓ to the both sides of Eqs.(2.6) 2 and (2.6) 3 , taking the inner product with D ℓ c and D ℓ θ, respectively, then summing the resulting over |α| ≤ 3, we get
Next, we need to estimate the above terms one by one. Using the commutate estimate (3.1) and (3.2), respectively, we obtain
20)
Due to the fact c · ∇w = div (w ⊗ c) − wdiv c, integrating by parts, one has
Similarly, we deduce
For the term J 5 , by the product estimate (3.4), one has
Gathering the above estimates J 1 − J 6 to (4.19) together yields
Step 3: The Estimate of Crossing Term 0≤|ℓ|≤2 D ℓ c, D ℓ ∇θ . Applying D ℓ to (2.6) 2 and (2.6) 3 , taking the scalar product of them with D ℓ ∇θ and D ℓ div c, respectively, adding them together and then summing the resulting over |α| ≤ 2, we get
By Leibniz's formula and Hölder's inequality, we have
29)
Gathering the above estimates K 1 − K 6 to (4.27) together yields
Step 4: Closure of The A Priori Estimates. By simple computations, we deduce easily that for some suitable positive constant γ
and ||w||
Multiplying the inequality (4.27) by γ, combining (4.18) and (4.26), then integrating in time yields where η is a small enough positive constant which will be determined later on. Assume that Γ < T * . Choosing η small enough such that the first term of RHS of (4.32) is absorbed, then we infer from (4.32) that for all t ∈ [0, Γ] A(τ ) ≤ C < ∞ for all t ∈ (0, T * ), which implies that T * = +∞. This completes the proof of Theorem 1.1.
